A Holographic Dark Energy Model from Ricci Scalar Curvature 
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Motivated by the holographic principle, it has been suggested that the dark energy density may 
be inversely proportional to the area of the event horizon of the Universe. However, such a model 
would have a causality problem. In this paper, we propose to replace the future event horizon 
area with the inverse of the Ricci scalar curvature. We show that this model does not only avoid 
the causality problem and is phenomenologically viable, but also naturally solves the coincidence 
problem of dark energy. Our analysis of the evolution of density perturbations show that the matter 
power spectra and CMB temperature anisotropy is only slightly affected by such modification. 



PACS numbers; 98.80.Cq, 98.65.Dx 
I. INTRODUCTION 

Ever since the discovery of the dark energy [l|, Q , cos- 
mologists are confronted with two fundamental problems: 
(1) the fine tuning problem and (2) the coincidence prob- 
lem (see e.g. Q). The fine tuning problem is the fol- 
lowing: the simplest form of dark energy is the cosmo- 
logical constant introduced by Einstein. However, the 
vacuum energy in quantum field theory has exactly the 
same property, and the estimated size of the vacuum en- 
ergy is p ~ pp where pp ^ rn^ is the Plank density. It 
is greater than the observed value p ~ 10~^^^pp by some 
123 orders of magnitude, so extreme fine tuning of the 
vacuum energy is required. The coincidence problem is 
the following: the density of the dark energy and matter 
evolves differently as the Universe expands, yet they are 
comparable today, this is an incredibly great coincidence 
if there is not some internal connection between the two. 

An important advance in the studies of black hole the- 
ory and string theory is the suggestion of the so called 
holographic principle, which may provide some clue for 
solving these problems. It is realized that in quantum 
gravity, the entropy of a system scales not with its vol- 
ume, but with its surface area i^Q- To see how this 
could help solve the cosmological constant problems, we 
note that in the Einstein equation, G^i, — SttGT^^ -|- 
Agi^jy, the cosmological constant A is the inverse of some 
length squared, [A] ~ Z^^, and to be consistent with ob- 
servations, I must be of the same order as the present 
cosmological scale. It is then proposed Q that an un- 
known vacuum energy could be present, and according 
to the holographic principle its density is proportional to 
the Hubble scale Ih ^ . In this model the fine tun- 
ing problem is solved as the scale of dark energy is de- 
termined not by Planck length but by cosmological scale, 
and the coincidence problem is also all alleviated. Unfor- 
tunately, the effective equation of state for such vacuum 
energy is zero and the Universe is decelerating. Alterna- 



tively, the particle horizon size Ipjj — a Jq dt/a could be 
used as the length scale [6]. However, as S. Hsu f?\ and 
M. Li Q pointed out, the equation of state for this dark 
energy model is greater than —1/3, so it still could not 
explain the observed acceleration of the Universe. In view 
of this, M. Li Q proposed that the future event horizon 
of the Universe to be used as the characteristic length 
I. This holographic dark energy model and its interacting 
versions are successful in fitting the current observations 
% 

However, the underlying origin of the holographic dark 
energy is still unknown. Furthermore, the model also has 
some serious conceptual problems. As R. Cai [10] pointed 
out, an obvious drawback concerning causality appears 
in this proposal. Event horizon is a global concept of 
space-time. However, the density of dark energy is a lo- 
cal quantity. Why should a local quantity be determined 
by a global one? Also puzzling is that the present value 
of dark energy is determined by the future evolution of 
the Universe, thus posing a challenge to the concept of 
casuality. Furthermore, for a spatially flat Friedmann- 
Robertson- Walker Universe, it is well-known that the fu- 
ture event horizon exists if and if the Universe is accel- 
erating. So in order to interpret the cosmic acceleration, 
the holographic dark energy model itself has presumed 
the acceleration. 

Inspired by the holographic dark energy models, in this 
paper we propose to consider another possibility: the 
length I is giving by the average radius of Ricci scalar 
curvature, so that we have the dark energy px oc 

R. In the following we shall call this model the Ricci 
dark energy model, and investigate its phenomenological 
properties. We find that this model works fairly well in 
fitting the observational data, and it could also help us to 
understand the coincidence problem. Moreover, in this 
model the presence of event horizon is not presumed, so 
the causality problem is avoided. 

In the next section we describe the model and its cos- 
mic expansion history. Section III is devoted to the 
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study of structure formation and CMB anisotropy in this 
model. In Section IV, we summarize our results, and dis- 
cuss various problems, including how it solves the fine- 
tuning and coincidence problem, while avoids the prob- 
lem of causality. We also discuss possible physical mech- 
anism for such a dark energy. We also show that one 
could construct a K-essence model to mimic its behavior 
in the Appendix. Throughout the paper we adopt the 
Planck units, i.e. c — h ^ G ^ 1. 



II. THE MODEL 

The metric of the Friedmann-Robertson- Walker Uni- 
verse is given by 



dr"^ 



1 — fcr^ 



r'^dO'^ + sin^ 



(1) 

where k = 1,0,-1 for closed, flat and open geometries 
respectively. In this we have adopted the convention of 
oo = 1, where the subscript denotes the value at present 
time (zero redshift). The Friedman equation is 



2 Stt ^-^ k 



(2) 



where H = a/ais the Hubble parameter, dot denotes the 
derivative with respect to the cosmic time t, and summa- 
tion runs over the non-relativistic matter, radiation and 
other components. The Ricci scalar curvature is given by 



i? = -6 ( F + + 4 



(3) 



We consider a dark energy component, which arises from 
unknown physics and is proportional to the inverse of 
squared Ricci scalar curvature radius as prescribed by 
the holographic principle. 



-mi"- 



where a is a constant to be determined. The factor 
before a is for convenience in the following calculations. 
The corresponding energy-momentum tensor can be writ- 
ten as: 



[px + Px) U^U^ + px9tiyj 



(5) 



where U^^ is the 4- velocity of the co-moving observer, and 
px is the pressure of dark energy. Setting a; = In a, we 
can rewrite the Friedmann equation as follows 



— 3a; 



Pre 



1 dH"^ 



2 dx 



2H' 



(6) 



where pm and pr term are the contributions of non- 
relativistic matter and radiation, respectively. We intro- 
duce the scaled Hubble expansion rate h = H/Hq, then 
the above Friedman equation becomes 



= (a - 1) rifcoe-'" 
'Idh^ 



— 3x 



2 dx 



2h' 



(7) 



where ilfco, f^mo and rj^o si's the relative density of the 
curvature, non-relativistic matter and radiation in the 
present Universe, and the dark energy relative density is 

denoted by Six , with rifco + ^^mo + ^^ro + ^^xo = 1- Solving 
Eq. ([?]), we obtain 



-"moe + Joe ^ °^ , 



(8) 



where /o is an integration constant. On the right hand 
side of Eq.®, the last two terms come from the dark 
energy, 



PX 



2-a 



(9) 



Thus the Ricci dark energy has one part which evolves 
like non-relativistic matter (~ e~^^), and another part 
which is slowly increasing with decreasing redshift. 

We assume that energy is conserved in such model, 
substituting the expression of px into the conservation 
equation of energy. 



Px 



'PX 



1 dpx 
3 dx ' 

we obtain the pressure of dark energy 



(10) 



(11) 



There are two constants a and /o to be determined in 
the expressions of px and px- If the density fix and 
equation of state woflx of the dark energy is known, the 
value of a and /o can be determined using Eq. ([9|) and 
Eq. CI]): 



2-a 



xo, 



^-T^] fo = wonxa. (12) 



We then obtain 



/o 



Swoflxo 



2VL 



'^WqD.XO — ^mO ' 



a 



Slmo + ^xa — SuJoS^xo 

(13) 

As an example, we consider the cosmology model with 
the following values of parameters: fifco — 0, Slmo = 
0.27,17^0 = 8.1 • 10-^^^xo = 0.73, wo = -1, which are 
consistent with current observations [T]| . then we find 
/o ~ 0.65 and a ~ 0.46. We plot the evolution of the 
equation of state w = px/ Px for this model in Fig. [T] 
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FIG. 1: Evolution of the equation of state w for the Ricci 
dark energy as a function of redshift z. 




FIG. 2: Evolution of the radiation density (crosses), non- 
relativistic matter density (solid line) and Ricci dark energy 
density (circles) logp as the function of In a. 



At high redshifts, the equation of state is nearly zero, so 
the Ricci dark energy behaves just like dark matter, with 
Px/Pm — 0.29. The equation of state w approaches -1 
at z ~ 0. In the distant future, the equation of state ap- 
proaches w = —1.12, The Universe evolves into the phan- 
tom dominated epoch [l^ . For this model, the equation 
state crosses -1, so it may be classified as a "quintom" 

In Fig[21 we plot the evolution of densities, log p, for ra- 
diation (crosses), non-relativistic matter (solid line) and 
dark energy (circles) with In a. Here we have neglected 
phase transitions, new degrees of freedoms and transi- 
tions from non-relativistic to relativistic particles at high 
temperature, etc, which would not make qualitative dif- 
ference in the result. In this model the densities of non- 
relativistic matter and dark energy were comparable with 
each other in the past Universe, but the acceleration be- 



gan at low redshift, so the coincidence problem is solved. 
The dark energy component made negligible contribution 
in the epoch of radiation dominated Universe, hence the 
standard Big-Bang Nucleosynthesis (BBN) model needs 



no revision. 




FIG. 3: Evolution of the deceleration parameter with redshift. 

In FiglSj we plotted the evolution of deceleration pa- 
rameter, 



1 



1 



3pt 



Ptot 



2px + 2/9„ 



(14) 



where ptot,Ptot denote the total pressure and density of 
the Universe respectively. The acceleration of the Uni- 
verse starts at z ~ 0.55. For comparison, joint anal- 
ysis of SNe-hCMB data with the ACDM model yields 
ZT = 0.52- 0.73 [13. 

In FiglH we plotted the evolution of age of the Universe 



1 f 1+^ dx 



(15) 



Three circles denote the ages of several old objects, LBDS 
53W091 (z = 1.55, t = 3.5 Gyr) [H, LBDS 53W069 
(z = lA3,t = 4.0 Gyrira and APM 08279-1-5255 
(z = 3.91, i = 2.1 Gyr) 0]. H. Wei and S. N. Zhang 
(l8| recently pointed out that the ages of these three 
old high redshift objects are inconsistent with the holo- 
graphic dark energy model of Ref. However, as shown 
in Fig. 4, our model of Ricci dark energy does not suffer 
from this age problem. 



III. STRUCTURE FORMATION 

From Eq. ([9]), we see that if a « 0.46 which yields the 
correct dark energy density and equation of state today, 
then the dark energy component behaves much as dust 
matter during most of the epoch of matter domination. 
Thus at earlier time the matter component is greater 
than in the best fit ACDM model, the difference could 
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FIG. 4: Age of the Universe with redshift. Three circles de- 
note the ages of three old objects, LBDS 53W091 , LBDS 
53W069 and APM 08279+5255 . 

be as large as about 30%. An obvious question then 
is whether this would affect the growth rate of density 
perturbation, and upset the usual structure formation 
scenario? 

We now investigate this problem with numerical cal- 
culations by using a modified version of the Boltzmann 
code CAMB [l9]. In Figure [5l we compare the evolution 
of density perturbations in our model with that in the 
ACDM model. The parameters as discussed earlier are 
fifeo = 0, Qmo = 0.27(17fc = 0.04, = 0.23), 17xo = 0.73, 
and wq = —1. 
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FIG. 5: Evolution of the density perturbations in the Ricci 
dark energy model and ACDM model for two wavenumbers: 
k=0.01 (upper panel) and 0.2 h Mpc^^ (lower panel). Sc 
and Sb are the perturbations of cold dark matter and baryon 
respectively. 

Figure [5] shows that for the large scale perturbations 
(e.g. k=0.01 h Mpc~^ modes) the differences between 



our model and the ACDM model are very small, al- 
most invisible. For the small scale perturbations (e.g. 
k=0.2 h Mpc^^ modes), the amplitudes of 6c and Sb in 
our model are slightly (about 20%) larger than these in 
ACDM model, due to the extra dust-like component in 
our model. 

We plot the matter power spectra at different redshifts 
in Fig.m As expected, due to the extra dust-like compo- 
nent, the matter-radiation equality occurred at smaller 
aeq, so the turn over in the matter power spectrum are 
also at smaller scales. Also, the growth rate of our model 
differs from that in ACDM model. However, the devia- 
tion of the shapes of the spectra from ACDM model is 
not too large, it is expected that the observation could 
be fitted well by adjusting other parameters, such as erg 
and ns- 




10"^ 10"^ 10"' 1 
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FIG. 6: The matter power spectra at different redshifts. From 
top to bottom: z=0, z—5, z=10 and z=20. The solid and 
dashed curves represent our model and ACDM model respec- 
tively. 

We have also calculated the angular spectrum of CMB 
temperature anisotropy, as shown in FiglTl It differs from 
that of ACDM model mostly at small scales, where the 
experimental error bars are still very large, so our model 
is not in conflict with current CMB observations. Future 
high precision observations (e.g. from the Planck satel- 
lite) may help distinguish our model from the ACDM 
model. 
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FIG. 7: The theoretical CMB TT spectrum of our model 
(solid curve) compared with ACDM model (dashed curve). 
We normalize two amplitudes of spectra to same at the first 
peak. 



At first sight, it may be a little surprising that such 
large extra contribution to the dust-like matter produce 
only such small difi^erence. To better understand this, 
we plot the time evolution of the Hubble parameter in 
our model and the ACDM model in Fig. [51 As can be 
seen from the figure, during the radiation dominated era, 
the Hubble rates are almost identical-for the matter con- 
tribution is dynamically negligible then. In the matter 
dominated era, there is some difference, but the largest 
difference is only 10% at a = 10~^. Then as dark energy 
dominates, again the difference between the two mod- 
els become very small. We know that during the matter 
dominated epoch, the growth rate of density fluctuation 
is proportional to scale factor a, since the difference in ex- 
pansion history is small, so the modification to structure 
formation history is also slight. 




IV. DISCUSSION 

We have shown that if we replace the future event hori- 
zon in the holographic dark energy model with the Ricci 
scalar curvature radius, i.e., px oc i?, then the resulting 
Ricci dark energy model is viable phcnomcnologically. 
The expansion history of the Universe in this model is 
similar to that of ACDM at late times which has probed 
by supernovae observation. The model is also free of the 
age problem, which plagues the holographic dark energy 
model. We have only illustrated our model with one sim- 
ple example. For different cosmological parameters, the 
model differs slightly. The best fit parameters and their 
allowed ranges will be investigated in future work. 

We have also studied the structure formation in our 
model. The result shows that despite of the dust-like 
contribution from the dark energy component during 
the epoch of radiation domination, the matter power 
spectrum and CMB angular spectrum deviates from the 
ACDM case only slightly. In this paper we have only 
considered the large scale effect of px oc R. In fact, due 
to inhomogeneities, R has spatial fiuctuations. The effect 
of such fiuctuations will also be dealt with in our future 
study. 

Our model has avoided the casuality problem of holo- 
graphic dark energy, because the dark energy is deter- 
mined by the locally determined Ricci scalar curvature, 
not the future event horizon. Moreover, in our model 
the fine tuning problem is avoided, because the dark en- 
ergy is not associated Planck or other high energy physics 
scale, but with the size of space-time curvature. Inter- 
estingly, the coincidence problem is also solved in this 
model: as the dark energy is proportional to R, it is 
relatively small during radiation dominated era^. Once 
entering the matter dominated era, i?^/^ become com- 
parable to H, the dark energy also become dynamically 
significant, and is always comparable to the size of the 
non-relativistic matter by construction. The change from 
deceleration to acceleration happens near a ~ 1 with very 
plausible model parameters. 

While this model is phenomenologically viable and also 
solves the fine tuning problem and coincidence problem, 
one may question whether there is any physical mecha- 
nism or reasoning for which such a model could be moti- 
vated. As there is so much things unknown and uncertain 
in quantum gravity at present, it is difficult to make a 
very definite answer to this question. Rather, we take the 
view that the phenomenological success of our model may 
motivate theorists to look for such mechanism in their in- 
vestigations of quantum gravity. However, we do try to 
answer this problem from the following two perspectives. 



FIG. 8; Evolution of the Hubble parameter of our model and 
the ACDM model. 



^ The actual value of the R is not necessarily small during radiation 
domination, but its value relative to the Hubble rate is small so 
its influence on dynamics of expansion can be neglected. See 
Ref. [2ll for discussion on this point. 
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First, we considered the construction of a K-essence 
model j22l|which reproduce the behavior of our model. 
The K-essence is a "designer fluid" with adjustable equa- 
tion of state, which was first proposed as a model of dark 
energy to solve the coincidence problem. Moreover, the 
K-essence equation of state can also cross -1 [IS]- As 
such, it is not surprising that for each of our model with 
a given set of model parameters, one can build a model 
of K-essence to mimic its behavior. We describe the 
construction of such a model in the Appendix. Inter- 
estingly, for small a the K-essence action reduces to the 
recently proposed Cuscuton action [23] . We find that the 
speed of sound in this model is positive, so it is classi- 
cally stable. However, the fundamental dynamics of the 
K-essence model are of course not the same as that of 
our model, so the K-essence model can not realize the 
general mechanism of self- adjustment of our model. 

Second, we may also consider some heuristic argu- 
ments based on conjectures about quantum gravity ef- 
fects, though of course the argument is unavoidably 
vague and speculative before we have a better under- 
standing of quantum gravity. An an example, one may 
suppose that the dark energy raises due to fiuctuation in 
quantum gravity. The gravitational action is given by 



S = 



16tt 



As shown in the section II, the equation of state of the 
Ricci scalar dark energy may cross over —1. This can 
be realized with K-essence field with Lagrangian density 
P {4>i X) 01 where a scalar field. 

Now let us consider the Lagrangian density of a K- 
essence field p (0,1"), where Y = —19^09^0 is the ki- 
netic energy term. We note that since we chose the sig- 
nature of the metric as (-1, -1-1, -1-1, -1-1,), Y is positive. 
For simplification, here we consider the pure K-essence 
with the Lagrangian density 



p^p{Y) 



(Al) 



Identifying the energy momentum tensor of the scalar 
field with that of a perfect fluid, we can easily derive the 
energy density and pressure: 



Py = 2r — -p, pY^P 



(A2) 



Put px ~ Py and px = Py, we have 

-"moe + Joe ^ , 



2Y^-p = . 
dY ^ 2- a 



Solving Ea. (|A3|) . we flnd a remarkably simple form for 
the action of the pure K-essence field 



In classical evolution, SS = 0. However, in quantum 
gravity, at some minimal scale, it has been suggested 
[25| that this action might be small but non-zero due 
to quantum fiuctuation, AS" ~ 1 within the space-time 
volume AVAt, so that 



R 

16^" 



AVAt - 1. 



The density fluctuation in such small region is given by 
the energy-time uncertainty relation, AEAt ~ 1, so 



PX 



AE 
AV 



oc R, 



which is what we have taken as the hypothesis of our 
model. 

Finally, we point out that although we have been moti- 
vated by the holographic principle when constructing our 
model, the Ricci dark energy does not necessarily have to 
be connected with the holographic principle. The dark 
energy associated with the Ricci scalar may also arise 
for other physical reasons. The main point of this paper 
is to show that dark energy of such property would be 
successful. 



167r 




1 



2(1-2q) 
2-n 



(A4) 



where Vo is a positive integration constant. We note that 
when a <ti 1, this action reduces to the Cuscuton action 
with a constant scalar potential which were proposed by 
N. Afsgordi, D. J. H. Chung and G. Geshnizjani recently 
[2^ . The energy density of this model is easily shown to 
be positive using Eq. (|A2p . The solution is stable with 
respect to small perturbation to the Cauchy data if the 
effective sound speed is positive. The sound speed of 
K-essence is given by [2^ 



Py,y 

PY.Y 



(Vr - Vo) (a - 2) 



3aVY 



(A5) 



Since a ~ 0.46, so if VY < Vo, we will have Vs > 0. 
Thus we have a viable K-essence model which mimics 
the behavior of our model. 
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